We show that a sequence {Φ n } of quantum channels strongly converges to a quantum channel Φ 0 if and only if there exist a common environment for all the channels and a corresponding sequence {V n } of Stinespring isometries strongly converging to a Stinespring isometry V 0 of the channel Φ 0 .
Introduction
The Stinespring theorem provides a characterization of quantum channelscompletely positive trace-preserving linear maps between Banach spaces of trace-class operators [22] . It implies that any quantum channel Φ from a system A to a system B can be represented as
where V Φ is an isometrical embedding of the input Hilbert space H A into the tensor product of the output Hilbert space H B and some Hilbert space H E typically called environment [8, 24] . It is natural to explore continuity of the representation (1) with respect to appropriate metrics (topologies) D and D ′ on the sets of quantum channels and of corresponding Stinespring isometries. Since the map Φ → V Φ is multivalued, the question of its continuity should be formulated in the following form: is it possible to find for any ε > 0 such δ > 0 that for any channels Φ and Ψ δ-close w.r.t the metric D there exist corresponding Stinespring isometries V Φ and V Ψ ε-close w.r.t. the metric D ′ ? This question can be also formulated in terms of converging sequences of channels {Φ n } and corresponding sequences of selective Stinespring isometries {V Φn }.
If D and D
′ are, respectively, the diamond-norm metric on the set of quantum channels and the operator-norm metric on the set of isometries then the above continuity question is completely solved by Kretschmann, Schlingemann and Werner in [13, 14] . They have shown that
for any channels Φ and Ψ, where the infimum is over all the isometries V Φ and V Ψ from common Stinespring representations of these channels. The diamond-norm metric between quantum channels is widely used in finite dimensions as a measure of distinguishability between these channels [1] , [24, Ch.9] . But the topology (convergence) generated by the diamondnorm metric on the set of infinite-dimensional quantum channels is too strong for analysis of real variations of such channels [21, 26] . In this case it is natural to use the substantially weaker topology of strong convergence on the set of quantum channels defined by the family of seminorms Φ → Φ(ρ) 1 , ρ ∈ S(H A ) [11, 25] . The convergence of a sequence {Φ n } of channels to a channel Φ 0 in this topology means that lim n→∞ Φ n (ρ) = Φ 0 (ρ) for all ρ ∈ S(H A ).
In this paper we present a version of the Kretschmann-SchlingemannWerner result for the strong convergence topology on the set of quantum channels. It states, roughly speaking, that the strong convergence of a sequence {Φ n } of quantum channels is equivalent to the strong (operator) convergence of a corresponding sequence {V Φn } of selective Stinespring isometries.
We give quantitative description of the above characterization in terms of the energy-constrained Bures distance between quantum channels introduced in [20] and the energy-constrained operator norm generating the strong operator topology on bounded subsets of B(H) (introduced in Section 3).
By using the Stinespring representation (1) it is easy to show that any quantum channel Φ can be represented as a reduction of some unitary (reversible) evolution of a larger quantum system. In the case A = B this means that Φ(ρ) = Tr E U Φ ρ ⊗ σ 0 U of the map Φ → V Φ w.r.t. the strong convergence topologies does not imply continuity of the map Φ → U Φ w.r.t. these topologies. We construct a strongly converging sequence {Φ n } of channels with Choi rank 2 which can not be represented as a reduction of a strongly converging sequence of unitary channels (Corollary 3). The above discontinuity is a specific feature of the strong convergence: by using the arguments from the proof of Theorem 1 in [14] we show that any sequence of quantum channels converging w.r.t. the diamond norm can be represented as a reduction of a sequence of unitary channels converging w.r.t. the diamond norm (Proposition 4).
The characterization of the strong convergence in terms of the Stinespring representation can be applied to continuity analysis of different entropic and information characteristics of quantum channels. In the last section of the paper we use it to prove the lower semicontinuity of the entropic disturbance as a function of a pair (channel, input ensemble) w.r.t. the strong convergence of channels and the weak convergence of ensembles. In fact, this result is easily derived from the main result in [19] stated the lower semicontinuity of the entropic disturbance as a function of an input ensemble by using the Stinespring representation of a strongly converging sequence of channels.
The lower semicontinuity of the entropic disturbance as a function of a pair (channel, input ensemble) implies several interesting observations concerning the output Holevo quantity of a quantum channel and the difference between the output Holevo quantities of a pair of complementary channels which can be used in continuous variable quantum information theory.
Preliminaries
Let H be a separable infinite-dimensional Hilbert space, B(H) the algebra of all bounded operators on H with the operator norm · and T(H) the Banach space of all trace-class operators on H with the trace norm · 1 . Let S(H) be the set of quantum states (positive operators in T(H) with unit trace) [8, 24] .
Denote by I H the unit operator on a Hilbert space H and by Id H the identity transformation of the Banach space T(H).
The Bures distance between quantum states ρ and σ is defined as
where
is the fidelity of ρ and σ. The following relations between the Bures distance and the trace-norm distance hold (cf. [8, 24] )
A quantum channel Φ from a system A to a system B is a completely positive trace preserving linear map from T(H A ) into T(H B ) [8, 24] .
For any quantum channel Φ : A → B the Stinespring theorem implies existence of a Hilbert space H E and of an isometry V Φ :
In finite dimensions (i.e. when dim H A and dim H B are finite) the distance between quantum channels from A to B generated by the diamond norm
of a Hermitian-preserving superoperator Φ :
, where R is any system, is widely used as a measure of distinguishability between these channels [1, 16, 24] . It is topologically equivalent to the Bures distance
between quantum channels Φ and Ψ, where β(·, ·) in the r.h.s. is the Bures distance between quantum states defined in (4) and R is any system. This metric is related to the notion of operational fidelity for quantum channels introduced in [2] . It is studied in detail in [13, 14] . In particular, it is shown in [14] that the Bures distance (8) can be also defined as
where the infimum is over all common Stinespring representations
It follows form definitions (7), (8) and the relations (5) that
for any channels Φ and Ψ. By representation (9) this implies the relations (2) which show the continuity of the Stinespring representation w.r.t. the diamond-norm topology on the set of quantum channels and the operatornorm topology on the set of Stinespring isometries.
The topology (convergence) generated by the diamond-norm on the set of infinite-dimensional quantum channels is too strong for analysis of real variations of such channels: there are infinite-dimensional channels with close physical parameters such that the diamond-norm distance between them equals to 2 [26] . In this case it is natural to use the (substantially weaker) strong convergence (3) of quantum channels studied in detail in [11, 25] .
Let H A be any unbounded densely defined positive (semidefinite) operator on H A having discrete spectrum of finite multiplicity and E 0 is the minimal eigenvalue of H A . It is shown in [21] that the strong convergence of quantum channels is generated by any of the energy-constrained diamond norms
, where R is any system. These norms are independently introduced in [26] , where a detailed analysis of their properties are presented.
1
The strong convergence of quantum channels is also generated by the energy-constrained Bures distance
between quantum channels Φ and Ψ from A to B (where R is any system) introduced in [20] for quantitative continuity analysis of information characteristics of energy-constrained infinite-dimensional channels. Properties of the energy-constrained Bures distance are presented in Proposition 1 in [20] . In particular, it is shown in [20] (by modifying the arguments from the proof of Theorem 1 in [14] ) that
where the infimum is over all common Stinespring representations (10). It follows from definitions (12), (13) and the relations (5) that
for any quantum channels Φ and Ψ.
Norms on B(H) generating the strong operator topology on bounded subsets of B(H).
If H is a separable Hilbert space then the strong operator topology on B(H) is metrizable, i.e. generated by some metric [4, 18] . In this section we consider norms on B(H) generating the strong operator topology on bounded subsets of B(H), in particular, on the unit ball of B(H). Let H be any positive (semidefinite) densely defined operator on H and
(the supremum is over quantum states ρ satisfying the inequality TrHρ ≤ E).
Proposition 1. The function A → A E defined in (16) is a real norm on B(H). For any given operator A ∈ B(H) the following properties hold:
Proof. Almost all assertions of the proposition can be easily derived from definition (16) .
To prove the inequality A + B E ≤ A E + B E one should take for given arbitrary ε > 0 a state ρ such that A + B E ≤ Tr|A + B| 2 ρ + ε and TrHρ ≤ E. Then, by using the spectral decomposition of ρ, basic properties of the norm in H and the Cauchy-Schwarz inequality it is easy to show that
To prove property c) take any unit vector ϕ ∈ H with finite E ϕ and arbitrary ε > 0. Let
ϕ |ϕ ϕ|, where φ ε is a vector in H such that φ ε |H|φ ε ≤ E 0 + ε. Then TrHρ ≤ E + ε and hence
By passing to the limit ε → 0 + we obtain the required inequality.
The norm · E defined in (16) will be called the energy-constrained operator norm. We will essentially use the following Proposition 2. If H is an unbounded densely defined positive operator on H having discrete spectrum of finite multiplicity and E > E 0 then the energyconstrained operator norm · E generates the strong operator topology on bounded subsets of B(H).
Proof. The set of vectors ϕ in H with finite E ϕ . = ϕ|H|ϕ is dense in H. So, by using property c) in Proposition 1 it is easy to show the strong convergence of any sequence {A n } ⊂ B(H) to an operator A 0 ∈ B(H) provided that A n − A 0 E tends to zero as n → +∞ and sup n A n < +∞.
To prove the converse implication note that the assumed properties of the operator H guarantees, by the Lemma in [7] , the compactness of the subset C H,E of S(H) determined by the inequality TrHρ ≤ E . So, the supremum in definition (16) is attained at some state ρ(A) ∈ C H,E . Assume that {A n } is a sequence in B(H) strongly converging to an operator A 0 ∈ B(H) such that sup n A n = M < +∞ and A n − A 0 E does not tend to zero as n → +∞. Denote the state ρ(A n − A 0 ) by ρ n . By passing to a subsequence we may assume that A n − A 0 E ≥ ε for some positive ε and all n and that the sequence {ρ n } converges to some state ρ 0 ∈ C H,E (by the compactness of C H,E ). We have
By using the spectral decomposition of ρ 0 it is easy to show that the first term in the r.h.s. of this inequality tends to zero as n → +∞. This contradicts the above assumption. The energy-constrained operator norms defined above are obviously generalized to operators between different Hilbert spaces. By using these norms one can rewrite the representation (14) of the energy-constrained Bures distance between quantum channels Φ and Ψ as follows
where the infimum is over all common Stinespring representations (10) of these channels. It follows from (17) and the left inequality in (15) that
for any channels Φ and Ψ with common Stinespring representation (10).
4 Characterization of the strong convergence in terms of the Stinespring representation.
If {V n } is a sequence of isometries from H A into H BE strongly converging to an isometry V 0 then it is easy to show that the sequence of channels Φ n (ρ) = Tr E V n ρV * n strongly converges to the channel Φ 0 (ρ) = Tr E V 0 ρV * 0 . Quantitatively, this implication is characterized by relation (18) (due to Proposition 2 and Proposition 1 in [20] ). To prove that any strongly converging sequence of channels can be obtained by this way we need the following Lemma 1. Let H A be a positive operator on
β E the energy-constrained Bures distance defined in (13) and · E the energyconstrained operator norm defined in (16) 
Proof. Let V Φ be the isometry from any Stinespring representation (6) with infinite-dimensional environment space H E andṼ Φ the isometry from
Since any separable Hilbert space can be isometrically embedded into H E , we may assume that any channel Ψ from A to B has a Stinespring representation with the same environment space H E . Denote by V Ψ the Stinespring isometry of the channel Ψ in this representation. The arguments from the proof of Proposition 1 in [20] (obtained by simple modification of the proof of Theorem 1 in [14] 
is a particular contraction. This implies the assertion of the lemma with the isometryṼ Φ in the role of V Φ .
The following theorem gives a characterisation of the strong convergence of quantum channels in terms of their Stinespring's representations. It also provides quantitative description of this characterization. Theorem 1. Let H A be an unbounded densely defined positive operator on H A having discrete spectrum of finite multiplicity, E > E 0 , β E the energyconstrained Bures distance defined in (13) and · E the energy-constrained operator norm defined in (16) with H = H A .
A) If a sequence of isometries V n : H A → H BE strongly converges to an isometry V 0 : H A → H BE then the sequence of the channels Φ n (ρ) = Tr E V n ρV * n strongly converges to the channel Φ 0 (ρ) = Tr E V 0 ρV * 0 and
If a sequence of quantum channels Φ n : A → B strongly converges to a channel Φ 0 : A → B then there exist a separable Hilbert space H E and a sequence of isometries V n : H A → H BE strongly converging to an isometry
n for all n ≥ 0 and
Proof. By Proposition 1 in [20] and Proposition 2 in Section 3 assertion A follows directly from the relations (18) .
To prove B note that for any sequence of quantum channels Φ n : A → B strongly converging to a channel Φ 0 : A → B Lemma 1 implies existence of a sequence of isometries V n : H A → H BE and an isometry V 0 : H A → H BE such that Φ n (ρ) = Tr E V n ρV * n and V n − V 0 E = β E (Φ n , Φ 0 ) for all n ≥ 0. So, Proposition 1 in [20] and Proposition 2 in Section 3 show the strong convergence of the sequence {V n } to the isometry V 0 , while Proposition 1 and the second inequality in (15) imply the corresponding inequalities.
Theorem 1 implies the following criterion of the strong convergence of quantum channels in terms of their Kraus representations [12] . Proof. If a sequence {Φ n } strongly converges to a quantum channel Φ 0 then Theorem 1 implies existence of a quantum system E and of a sequence {V n } n≥0 of isometries from H A into H BE such that Φ n (ρ) = Tr E V n ρV * n for all n ≥ 0 and s-lim n→∞ V n = V 0 . Let {τ i } i∈I be a basic in H E . For given n and i let A n i be the operator from H A to H B such that ψ|A
* for all n ≥ 0. By noting that V n |ϕ = i∈I A n i |ϕ ⊗ |τ i for any ϕ ∈ H A and n ≥ 0 it is easy to show that s-lim n→∞ A n i = A 0 i for each i ∈ I. To prove the converse implication assume that {τ i } i∈I is a basic in appropriate Hilbert space H E . Then Φ n (ρ) = Tr E V n ρV * n for all n ≥ 0, where {V n } is a sequence of operators defined by setting V n |ϕ = i∈I A n i |ϕ ⊗ |τ i for any ϕ ∈ H A . Since s-lim n→∞ A n i = A 0 i for all i ∈ I, the sequence {V n |ϕ } weakly converges to the vector V 0 |ϕ . The weak convergence of this sequence implies its convergence in the norm of H BE , since all the operators V n , n ≥ 0, are isometries.
If a quantum channel Φ : A → B has Stinespring representation (6) then the quantum channel 
Let H A be a positive operator on H A , E > E 0 and β E the corresponding energy-constrained Bures distance defined in (13) . It follows from representation (14) that for any quantum channels Φ and Ψ from A to B one can find complementary channels Φ and Ψ from A to some system E such that
Theorem 1 implies the following observation which shows (due to Proposition 1 in [20] ) the uniform continuity of the complementary operation Φ → Φ with respect to the strong convergence of quantum channels.
Corollary 2. If {Φ n } is a sequence of quantum channels from A to B strongly converging to a channel Φ 0 then there exists a sequence {Ψ n } of channels from A to some system E strongly converging to a channel Ψ 0 such that Ψ n = Φ n and
Remark 1. The assertion of Lemma 1 remains valid with the energyconstrained Bures distance β E and the energy-constrained operator norm · E replaced, respectively, by the (unconstrained) Bures distance β and the operator norm · . It is proved by the same arguments from [14] . This version of Lemma 1 implies the corresponding versions of Theorem 1 and Corollaries 1,2 in which the strong convergences of channels and operators are replaced by the diamond norm and the operator norm convergences.
Discontinuity of the unitary dilation
By using the Stinespring representation (6) it is easy to show that any quantum channel Φ from A to B = A can be represented as
where σ 0 is a pure state in S(H E ) and U Φ is an unitary operator on H AE . Representation (20) allows to consider any channel from a quantum system A to itself as a reduction of some unitary (reversible) evolution of the larger quantum system AE [8, 12, 24] . In general case for a given quantum channel Φ from A to B having representation (6) one can find such quantum systems D and E ′ that
where σ 0 is a pure state in S(H D ) and U Φ is an unitary operator from H AD onto H BE ′ [8] . In particular, one can take D = BE and E ′ = AE. For an infinite-dimensional quantum channel Φ with representation (6) such that dim(H BE ⊖RanV Φ ) = +∞ one can always take E ′ = E. This follows from the fact that any partial isometry W such that dim ker W = dim ker W * = +∞ can be extended to an unitary operator [18] .
Representations (20) and (21) are called unitary dilations of a quantum channel Φ. Since (20) is a partial case of (21), the latter can be called universal unitary dilation.
It is easy to see that the map U Φ → Φ is continuous w.r.t. the strong convergence topologies: if {U n } is a sequence of unitaries strongly converging to an unitary operator U 0 then the corresponding sequence {Φ n } of the channels defined by the formula (21) with U Φ = U n strongly converges to the channel Φ 0 defined this formula with U Φ = U 0 . In this section we show that the map Φ → U Φ is discontinuous in the following sense: there is a strongly converging sequence of channels which can not be represented in the form (21) with a sequence of unitary operators strongly converging to an unitary operator. Moreover, this discontinuity can not be eliminated by making the state σ 0 in (21) dependent on the channel Φ. We will use the following Proposition 3. Let {U n } be a sequence of unitary operators from H AD onto H BE converging to an unitary operator U 0 in the strong operator topology and {σ n } a sequence of states in S(H D ) converging to a state σ 0 . Let Φ n (ρ) = Tr E U n ρ ⊗ σ n U * n be a channel from A to B for any n ≥ 0. Then the sequence {Φ * n (B)} converges to the operator Φ * 0 (B) in the strong operator topology for any B ∈ B(H B ).
4
Proof. Since for any converging sequence of states in S(H D ) there is a converging sequence of purifications in S(H DR ), where R is some system, and s-lim n→∞ U n = U 0 implies s-lim n→∞ U n ⊗ I R = U 0 ⊗ I R , we may assume that the sequence {σ n } consists of pure states. It is easy to see that
. So, the assumed purity of the state σ n implies that
Since the sequence {U * n } strongly converges to the operator U * 0 , 5 the sequence 4 Φ * is the dual map to a channel Φ defined by the relation Tr Φ(ρ)B = Tr Φ * (B)ρ. 5 Here and in what follows we use the continuity of the map A → A * in the strong operator topology on the set of unitary operators [18] .
{T n } strongly converges to the operator T 0 . It follows that the sequence {Φ * n (B)} strongly converges to the operator Φ * 0 (B) as well. Corollary 3. There exists a sequence {Φ n } of quantum channels strongly converging to a channel Φ 0 such that the channels Φ n can not be represented in the form Φ n (ρ) = Tr E U n ρ ⊗ σ n U * n for all n ≥ 0, where {U n } is a sequence of unitary operators from H AD onto H BE strongly converging to an unitary operator U 0 and {σ n } is a sequence of states in S(H D ) converging to a state σ 0 .
Proof. Let H A = H B be a separable Hilbert space and H 0 an infinitedimensional subspace of H A . Let {τ i } i∈N be an orthonormal basic in H 0 and ψ any unit vector in H ⊥ 0 . For each n consider the partial isometry
Then V * n = i =n |τ i τ i | + |τ n ψ| and hence V * n V n = P 0 , where P 0 = i |τ i τ i | is the projector on the subspace H 0 . It is easy to see that s-lim n→∞ V n = P 0 , while the sequence {V * n } has no limit in the strong operator topology.
The sequence of the channels Φ n (ρ) = V n ρV * n +P 0 ρP 0 strongly converges to the channel Φ 0 (ρ) = P 0 ρP 0 +P 0 ρP 0 , whereP 0 = I H A − P 0 . It is easy to see that the sequence {Φ * n (|ψ τ 1 |)} does not converge to the operator Φ * 0 (|ψ τ 1 |) = 0 in the strong operator topology.
This result can be treated as discontinuity of the unitary dilation w.r.t. the strong convergence topology on the set of quantum channels and the strong operator topology on the set of unitary operators. Mathematically, this discontinuity is connected with the discontinuity of the map A → A * in the strong operator topology on B(H). 6 It is worth noting that the discontinuity of unitary dilation disappears if the above sets are equipped, respectively, with the diamond norm topology and the operator norm topology.
Proposition 4. For an arbitrary sequence {Φ n } of quantum channels from A to B converging to a channel Φ 0 in the diamond norm there exist quantum systems D and E, a sequence {U n } of unitary operators from H AD onto H BE converging to an unitary operator U 0 : H AD → H BE in the operator norm and a pure state σ 0 in S(H D ) such that
Proof. By using the arguments from the proof of Theorem 1 in [14] one can show existence of a quantum system E and a sequence {V n } of isometries from H A into H BE converging to an isometry V 0 : H A → H BE in the operator norm such that Φ n (ρ) = Tr E V n ρV * n for all n ≥ 0 (see Remark 1) . Let C and D be any infinite-dimensional quantum systems and σ 0 = |τ 0 τ 0 |, where τ 0 is any unit vector in H D . If we identify the space H A with the subspace H A ⊗{cτ 0 } of H AD , then {V n } is a sequence of partial isometries from H AD to H BEC ∼ = H AD converging to the partial isometry V 0 in the operator norm such that V * n V n = V * 0 V 0 and dim ker V * n V n = dim ker V n V * n = +∞ for all n ≥ 0. So, the existence of the sequence {U n } with the required properties (with the system EC in the role of E) follows from Proposition 5 in the Appendix.
6 Lower semicontinuity of the entropic disturbance as a function of a pair (channel, input state ensemble) and its corollaries
In this section we consider one application of Theorem 1 in quantum information theory. A finite or countable collection {ρ i } of states with a probability distribution {p i } is called ensemble and denoted {p i , ρ i }. The stateρ . = i p i ρ i is called the average state of the ensemble. We will also use the notion of generalized ensemble as a Borel probability measure on the set of quantum states, so that previously defined ensembles correspond to discrete probability measures. We denote by P(H) the set of all Borel probability measures on S(H) equipped with the topology of weak convergence [3, 15, 10] . The set P(H) can be considered as a complete separable metric space [15] . The average state of a generalized ensemble µ ∈ P(H) is the barycenter of the measure µ defined by the Bochner integral
The Holevo quantity of a generalized ensemble µ ∈ P(H) is defined as (cf. [10] )
where H(· ·) is the quantum relative entropy and H(·) is the von Neumann entropy [8, 23, 24] . The second formula in (22) is valid under the condition H(ρ(µ)) < +∞. If µ is a discrete ensemble {p i , ρ i } then
where the second formula is valid if H(ρ) < +∞.
For an ensemble µ ∈ P(H A ) its image Φ(µ) under a quantum channel Φ : A → B is defined as the ensemble in P(H B ) corresponding to the measure
is the pre-image of S B under the map
For a given channel Φ : A → B and an ensemble µ in P(H A ) the monotonicity of the relative entropy implies
Thus the decrease of the Holevo quantity
(called the entropic disturbance in [5, 6] ) is a nonnegative function on the set of generalized ensembles with a finite value of χ(Φ(µ)).
In [19] it is shown that the function µ → ∆ Φ χ(µ) is lower semicontinuous on the set {µ ∈ P(H A ) | χ(Φ(µ)) < +∞} for any given channel Φ. By using Theorem 1 one can strengthen this results as follows.
where F (A, B) is the set of all quantum channels form A to B equipped with the strong convergence topology. Theorem 2 states that
for any sequences {Φ n } ⊂ F(A, B) and {µ n } ⊂ P(H A ) converging, respectively, to a channel Φ 0 and an ensemble µ 0 provided that χ(Φ n (µ n )) < +∞ for all n ≥ 0 (otherwise ∆ Φn χ(µ n ) is not defined).
Proof. Let {Φ n } ⊂ F(A, B) and {µ n } ⊂ P(H A ) be sequences converging, respectively, to a channel Φ 0 and an ensemble µ 0 such that χ(Φ n (µ n )) < +∞ for all n ≥ 0. By Theorem 1 there exists a quantum system E and a sequence of isometries V n : H A → H BE strongly converging to an isometry V 0 : H A → H BE such that Φ n (ρ) = Tr E V n ρV * n for all n ≥ 0. Let ν n be the image of the ensemble µ n under the isometric channel ρ → V n ρV * n for all n ≥ 0. It is easy to see that ν n ∈ P(H BE ) and that χ(ν n ) = χ(µ n ) for all n ≥ 0. By using the arguments from the proof of Lemma 1 in [11] one can show weak convergence of the sequence {ν n } to the ensemble ν 0 . Denote by Θ the channel Tr E (·) from BE to B. Then Φ n (µ n ) = Θ(ν n ) and hence ∆ Φn χ(µ n ) = ∆ Θ χ(ν n ) for all n ≥ 0. So, by Theorem 1 in [19] (applied to the channel Θ) we have
Theorem 2 implies the following continuity condition for the output Holevo quantity. 
In other words, Corollary 4A states that (23) for any sequence {µ n } of ensembles weakly converging an ensemble µ 0 and arbitrary sequence {Φ n } of channels strongly converging to a channel Φ 0 . Corollary 4B can be formulated as (23) with the left part replaced by the more easily verified condition lim
Proof. By using Proposition 1 in [10] and the arguments from the proof of Lemma 1 in [11] it is easy to show that (Φ, µ) → χ(Φ(µ)) is a lower semicontinuous function on the set F(A, B) × P(H A ). So, by Theorem 2, all the terms in the l.h.s of the equality
are lower semicontinuous functions on the set F(A, B) × P 0 . So, the assertion A of the corollary follows from Lemma 1 in [19] . To prove assertion B note that
By Proposition 1 in [10] and the arguments from the proof of the Theorem in [10] all the terms in the l.h.s of the above equality are lower semicontinuous functions on the set P(H A ). So, Lemma 1 in [19] shows that
It is well known (cf. [8, 23] ) that the entropy is continuous on the set of states ρ satisfying the inequality TrHρ ≤ E provided that the positive operator H satisfies the condition Tre −λH < +∞ for all λ > 0.
Hence Corollaries 2 and 4B imply the following observation in which Φ is a complementary channel to a channel Φ defined in (19) .
Corollary 5.
If the Hamiltonian H A of system A satisfies condition (24) then the functions (Φ, µ) → χ(Φ(µ)) and (Φ, µ) → χ(Φ(µ)) − χ( Φ(µ)) (25) are continuous on the set F(A, B)×P E for any E ≥ E 0 . = inf ϕ =1 ϕ|H A |ϕ , where P E = { µ ∈ P(H A ) | TrH Aρ (µ) ≤ E } is the set of all generalized ensembles with the average energy not exceeding E.
The condition of Corollary 5 is valid if A is the system of quantum oscillators and B is any system, in particular, B = A [7, 8] . The first functional in (25) is connected to the unassisted classical capacity of a quantum channel, while the second one -to the private classical capacity [8, 24] .
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Proposition 5. Let {V n } be a sequence of partial isometries on a separable Hilbert space H converging to a partial isometry V 0 in the operator norm such that V * n V n = V * 0 V 0 = P and dim KerP = dim KerQ n ≤ +∞, where Q n = V n V * n , for all n ≥ 0. Let U 0 be a given unitary operator such that U 0 P = V 0 .
8 Then there exists a sequence {U n } of unitaries converging to the operator U 0 in the operator norm such that U n P = V n for all n.
Proof. Since all the partial isometries have the same initial space, the sequence {W n = V n V * 0 } consists of partial isometries and converges in the operator norm to the projector Q 0 = V 0 V * 0 . Note that W n W * n = Q n and W * n W n = Q 0 for all n. Assume that {W n } is a sequence of partial isometries converging in the operator norm to the projector R 0 = I H − Q 0 such that W nW * n = R n . = I H − Q n andW * nW n = R 0 for all n. Then the sequence of unitary operators (W n +W n )U 0 has the required property.
The sequence {W n } can be constructed as follows. Let T n = R n R 0 and |T n | = √ R 0 R n R 0 . Since the sequence {R n } converges in the operator norm to the projector R 0 , we may assume that R n − R 0 < 1 for all n. It is easy to see that the last inequality implies that RanT n = R n (H) and Ran|T n | = R 0 (H). LetW n be the partial isometry from the polar decomposition of T n , i.e. T n =W n |T n |, such that RanW * n = R 0 (H). Since the sequences {T n } and {|T n |} converges in the operator norm to the projector R 0 [18] , it is easy to show that the sequence {W n } converges in the operator norm to the projector R 0 as well.
